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Abstrat
In this paper, we investigate questions of an arithmeti nature re-
lated to the Abel-Jaobi map. We give a riterion for the zero lous
of a normal funtion to be dened over a number eld, and we give
some omparison theorems with the Abel-Jaobi map oming from
ontinuous étale ohomology.
1 Introdution
Let X → S be a family of omplex smooth projetive varieties over a quasi-
projetive base, and let Z →֒ X be a at family of yles of pure odimension
i whih are homologially equivalent to zero in the bers of the family. For
any point s of S, the Abel-Jaobi map assoiates to the yle Zs a point in
the intermediate Jaobian J i(Xs) of Xs, whih is a omplex torus (see part 2
for details). This onstrution works in family, yielding a bundle of omplex
tori, the Jaobian bration J i(X/S), and a normal funtion νZ , whih is the
holomorphi setion of J i(X/S) assoiated to Z →֒ X . We an attah to νZ
an admissible variation H of mixed Hodge strutures on S, see [22℄, tting
in an exat sequene
0→ R2i−1f∗Z/(torsion)→ H → Z
suh that the zero lous of νZ is the lous where this exat sequene splits,
that is, the projetion on S of the lous of Hodge lasses in H whih map
to 1in Z. In analogy with the elebrated theorem of Cattani-Deligne-Kaplan
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on the algebraiity of Hodge loi for variations of pure Hodge strutures,
Green and Griths have stated the following onjeture, whih deals with
the mixed Hodge struture appearing above.
Conjeture 1. The zero lous of the normal funtion ν is algebrai.
In the same way that Deligne-Cattani-Kaplan's result gives evidene for
the Hodge onjeture, this would give evidene for Bloh-Beilinson-type on-
jetures on ltration on Chow groups, see setion 2.1. Atually, it has been
reently obtained independently by Brosnan-Pearlstein and M. Saito in [6℄
and [23℄ that if S has a smooth ompatiation with omplement a smooth
divisor, then the zero lous of ν is algebrai. It seems that Brosnan and
Pearlstein have proved algebraiity in ase the base is a surfae, and that
they expet to have a proof of onjeture 1 in full generality soon.
Assume everything is dened over a nitely generated eld k. In line
with general onjetures on algebrai yles, one would expet that not only
the zero lous of ν is algebrai, but it should be dened over k, hene the
interest in trying to investigate number-theoreti properties of the zero lous
of normal funtions. In the ontext of pure Hodge strutures, i.e. that of
Deligne-Cattani-Kaplan's theorem, Voisin shows in [30℄ how this question is
related to the question whether Hodge lasses are absolute and gives riteria
for Hodge loi to be dened over number elds.
In this paper, we want to takle suh questions and also investigate the
arithmeti ounterpart of normal funtions, namely the étale Abel-Jaobi
map introdued by Jannsen using ontinuous étale ohomology. We give
omparison results between the étale Abel-Jaobi map and Griths' Hodge-
theoreti one. Reent work around the same irle of ideas an be found
in [11℄. The use of Terasoma's lemma in this ontext is very relevant to
our work, and the results proved there are losely related to our theorem 2
(though up to torsion).
Let us state our main results preisely. Start with a subeld k of C whih
is generated by a nite number of elements over Q, and let S be a quasi-
projetive variety over k. Let π : X → S be a smooth family of projetive
varieties of pure dimension n, and let Z →֒ S be a family of odimension i
algebrai yles of X , at over S. Assume that Z is homologially equivalent
to 0 on the geometri bers of π. In the paper [14℄, Jannsen denes on-
tinuous étale ohomology, whih is étale l-adi ohomology for varieties over
non-algebraially losed elds. There is a yle map from Chow groups to
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ontinuous étale ohomology. For any point s of S with value in a nitely gen-
erated extensionK of k, letXs be the varietyXs×KK, and GK = Gal(K/K)
the absolute Galois group of K. The yle lass of Zs in the ontinuous étale
ohomology of Xs gives a lass aje´t(Zs) ∈ H
1(GK , H˜
2i−1(Xs, Zˆ(i))), where
H˜2i−1(Xs, Zˆ) denotes the quotient of H
2i−1(Xs, Zˆ) by its torsion subgroup,
Zˆ being the pronite ompletion of Z. This ohomology lass is obtained
by applying a Hoshild-Serre spetral sequene to ontinuous ohomology.
Proposition 6 shows that the vanishing of this lass is independent of the
hoie of K, i.e., it vanishes in H1(GK , H˜
2i−1(Xs, Zˆ(i))) if and only if it van-
ishes in H1(GL, H˜
2i−1(Xs, Zˆ(i))) for any nite type extension L of K. This
observation appears in [24℄ and, aording to one of the referees, is due to
Nori.
It would follow from general onjetures on algebrai yles, whether a
ombination of the Hodge and Tate onjetures for open varieties or versions
of the Bloh-Beilinson onjetures on ltrations on Chow groups, that the
zero lous of the normal funtion assoiated to the family of yles indued by
ZC on XC → SC is preisely the vanishing set of the étale Abel-Jaobi map.
For the latter, assuming Beilinson's onjeture on Chow groups of varieties
over number elds and Lewis' Bloh-Beilinson onjeture of [19℄, one would
know that the kernels of both Abel-Jaobi maps are equal to the seond step
of the unique Bloh-Beilinson ltration on Chow groups, hene that they
oinide. Unfortunately, suh omparison results seem to be known only for
divisors and zero-yles, where the étale Abel-Jaobi map an be omputed
using the Kummer exat sequene for Piard or Albanese varieties. We are
not aware of any result in other odimension. In this paper, we therefore
try to takle suh omparison results. We don't prove the general ase, but
we prove results of two dierent avors in the variational ase. We obtain
suh results assuming the algebraiity of the omponents of the zero lous of
normal funtions, whih does not seem to be known in full generality at the
time being, although as explained before it might be obtained in the near
future.
In the previous situation, onsider the normal funtion νZ assoiated to
the family ZC in XC. Its zero lous is an analyti subvariety of S(C). Our
theorems are the following, where the expression "nitely generated eld"
denotes a eld generated by a nite number of elements over its prime subeld
 Q in our ase.
Theorem 2.
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(i) Let T be an irreduible omponent of the zero lous of νZ . Assume that
T is algebrai and that R2i−1πC∗C has no nonzero global setions over
T . Let k be a nitely generated eld over whih T is dened. Then
for all point t of T with value in a nitely generated eld, the étale
Abel-Jaobi invariant of Zt is zero.
(ii) Assume that for every losed point s of S with value in a number eld,
the étale Abel-Jaobi invariant of Zs is zero and that R
2i−1πC∗C has no
nonzero global setions over SC. Then νZ is identially zero on SC.
Theorem 3. Let T be an irreduible omponent of the zero lous of νZ .
Assume that T is algebrai and that R2i−1πC∗C has no nonzero global setions
over T . Then T is dened over a nite extension of the base eld k and for
any automorphism σ of C over k, the image of T by σ is an irreduible
omponent of νZ .
Remark. In this result, we do not assume that all the omponents of the
zero lous of νZ is algebrai. Furthermore, we are onsidering the image of
T by σ as a subsheme of S, and we prove that it is, as a subsheme of
S, a omponent of the zero lous of the holomorphi normal funtion νZ .
This ontrasts with the situation in [30℄, where similar results were obtained
using only the redued struture on the subshemes onsidered. The main
dierene in our setting is that the (mixed) Hodge strutures we onsider
have at most one nonzero Hodge lass, up to multipliation by a onstant.
Theorem 4.
(i) Assume that for every losed point s of S with value in a number eld,
the étale Abel-Jaobi invariant of Zs is zero and that there exists a
omplex point s of S suh that νZ(s) = 0. Then νZ is identially zero
on SC.
(ii) Let T be an irreduible omponent of the zero lous of νZ . Assume that
T is algebrai and that there exists a point t of T suh that aje´t(Zt) is
zero. Then for all point t of T with value in a nitely generated eld,
the étale Abel-Jaobi invariant of Zt is zero.
The lak of symmetry between both Abel-Jaobi maps in our results is
frustrating. On the one hand, results of Serre in [25℄ give an almost expliit
way of omputing whether an Abel-Jaobi invariant is zero. This aounts
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for the seond part of theorem 4, whih uses muh stronger number-theoreti
arguments than the other results and is the main part of theorem 4. We
think that the use of results suh as Serre's ould be useful for more general
omparison theorems. On the other hand, while the loal struture of zero
lous of normal funtions is well understood  it is an analyti variety, and
its loal desription is well desribed, see [13℄, [29℄, h. 17 ,we have very
few results on the zero lous of the étale Abel-Jaobi map. We feel that it
would be very interesting to prove an étale ounterpart of the results of [6℄
and [23℄.
In this paper, if X is any variety, the ohomology groups of X , whether
singular or étale, will always be onsidered modulo torsion, so as to avoid
umbersome notations. The same onvention goes for higher diret images.
Aknowledgement I would like to oer my heartfelt appreiation to Claire
Voisin. It is very lear that this paper owes a great deal both to her work in
[30℄ and to the many disussions we had and suggestions she made, notably
for the example of theorem 14.
2 Preliminary results on Abel-Jaobi maps
Let X be a smooth projetive variety over a eld k of harateristi zero, k
an algebrai losure of k and Gk = Gal(k/k) the absolute Galois group of k.
In his paper [3℄, Beilinson onstruts a onjetural ltration F • on the Chow
groups CH i(X) ⊗ Q of X with rational oeients. It is obtained in the
following way. Let MM(k) be the abelian ategory of mixed motives over k.
There should exist a spetral sequene, Beilinson's spetral sequene
Ep,q2 = Ext
p
MM(k)(1, h
q(X)(i))⇒ HomDb(MM(k))(1, h(X)(i)[p+ q])
where hq(X) denotes the weight q part of the image h(X) ofX in the ategory
of pure motives. For p+q = 2i, the abutment of this spetral sequene should
be anonially isomorphi with CH i(X), hene the ltration F . For weight
reasons, a theorem of Deligne in [9℄ would imply that this spetral sequene
degenerates at E2 ⊗Q. We get the formula
GrνFCH
i(X)Q = Ext
ν
MM(k)(1, h
2i−ν(X)(i))⊗Q.
The existene of suh a ltration is also a onjeture of Bloh and Murre.
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2.1 Étale ohomology
The previous onstrution should have its reetion in the various usual
ohomology theories. Let us rst onsider étale ohomology. In the paper
[14℄, Jannsen onstruts ontinuous étale ohomology groups with value in
the pronite ompletion Zˆ of Z for varieties over a eld. Those enjoy good
funtoriality properties and they are equal to the usual étale ohomology
groups in ase the base eld is algebraially losed. In partiular, there is a
Hohshild-Serre spetral sequene
Ep,q2 = H
p(Gk, H
q(Xk, Zˆ(i))⇒ H
p+q(X, Zˆ(i)) (1)
as well as a yle map
clX : CH i(X)→ H2i(X, Zˆ(i)).
Those are ompatible with the usual yle map clXk to H2i(Xk, Zˆ(i)).
Let CH i(X)hom be the kernel of cl
X
k
, that is, the part of the Chow group
onsisting of those yles whih are homologially equivalent to zero.
Denition 5. The map
aje´t : CH
i(X)hom → H
1(Gk, H
2i−1(Xk, Zˆ(i))
indued by the spetral sequene (1) is alled the étale Abel-Jaobi map.
This map is expeted to be the image by some realization funtor of the
analogous map oming from Beilinson's spetral sequene. As an evidene for
this, we an ite Jannsen's result in [16℄, lemma 2.7, stating that in the ase
k is nitely generated, and for any reasonable ategory of mixed motives,
the ltrations on CH i(X)⊗Q indued by Beilinson's spetral sequene and
by the Hohshild-Serre spetral sequene (1) oinide if clX is injetive 
whih is also a onjeture of Bloh and Beilinson. More speially, if any
Bloh-Beilinson ltration (see [4℄, [16℄, [17℄) exists on CH i(X)⊗Q and clX
is injetive, then it has to be the ltration indued by (1).
Our denition of the étale Abel-Jaobi map may seem to be highly de-
pendent on the base eld k, whih is not onvenient sine we expet that for
an algebrai yle Z homologially equivalent to zero, aje´t(Z) should reet
geometri properties of Z related to the image of ZC by the Abel-Jaobi map.
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The following proposition shows that the vanishing of aje´t(Z) does not atu-
ally depend of the base eld. This would be false had we onsidered in our
denition the torsion part of the ohomology of X . The fat that we want
the following result to hold is the reason why we have to ignore this torsion
part, whih is related to arithmeti properties of algebrai yles, as opposed
to their geometri properties. It has been attributed to Nori and appears in
a very similar form in [24℄, lemma 1.4.
Proposition 6. Let X be a smooth projetive variety over a nitely generated
eld k, and let Z ∈ CH ihom(X). Let K be a eld whih is nitely generated
over k. Then aje´t(ZK) = 0 if and only if aje´t(Z) = 0.
Proof. We an assume that K is Galois over k. We have an exat sequene
of groups
1→ GK → Gk → Gal(K/k)→ 1,
hene the following exat sequene oming from the Hohshild-Serre spetral
sequene
0→ H1(Gal(K/k), V GK )→ H1(Gk, V )→ H
1(GK , V )
Gal(K/k), (2)
with V = H2i−1(X, Zˆ(i)). The denition of the étale Abel-Jaobi map from
a Leray spetral sequene shows that aje´t(ZK) is obtained from aje´t(Z) by
the last map in (2). On the other hand, it is a onsequene of the Weil
onjetures that V GK is zero (reall V is torsion-free), whih implies that the
last map in (2) is an injetion.
The next result is due to Jannsen in [15℄, being inspired by results from
Carlson and Beilinson we will reall later, and gives a geometri meaning to
the étale Abel-Jaobi map. We reall it shortly, as it is ruial to the results
of our paper.
Start with X as before, and let Z an algebrai yle of pure odimension
i in X . Let |Z| be the support of Z, and U be the omplement of |Z| in X .
By purity, we have an exat sequene of Gk-modules
0→ H2i−1(Xk, Zˆ(i))→ H
2i−1(Uk, Zˆ(i))→ H
0(|Z|k, Zˆ)→ 0
and the lass of Z gives a map Zˆ → H0(|Z|k, Zˆ). The pull-bak of the
previous exat sequene by this map is an exat sequene of Gk-modules
0→ H2i−1(Xk, Zˆ(i))→ He´t → Zˆ→ 0. (3)
This extension gives a lass α(Z) ∈ H1(Gk, H
2i−1(Xk, Zˆ(i)).
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Proposition 7. We have α(Z) = aje´t(Z).
Let us note that this proposition immediately arries out to the variational
setting for at families of algebrai yles. In this ase, we get an extension of
loally onstant Zˆ-sheaves, that is, a produt of loally onstant Zl-sheaves
for all l, over the base sheme whih on every ber is anonially isomorphi
to the extension (3).
2.2 Hodge theory
The Hodge-theoreti piture is dierent. Indeed, the ategory of mixed
Hodge strutures has no higher extension groups as shown by Beilinson,
so we annot expet to onstrut diretly a similar ltration on Chow groups
through this means. The use of Leray spetral sequenes in this setting
has been studied by Nori, Saito, Green-Griths and others, and an be
onsidered well-understood. Even though we annot expet to onstrut a
Bloh-Beilinson ltration on Chow groups using Hodge theory, at least in a
naive way, we an onstrut a two-term ltration using Deligne ohomology.
We use this approah to make the similarity with the previous disussion
more obvious, but in this paper we simply use Griths' Abel-Jaobi map,
whih was dened in [12℄. Griths' work on normal funtions is of ourse
fundamental to our results.
Let us assume for this paragraph that the base eld is C. Reall that
we have Deligne ohomology groups H iD(X,Z(j)). Those are the absolute
version of Hodge ohomology groups in the same way that ontinuous étale
ohomology is the absolute version of étale ohomology over an algebrai
losure of the base eld. There is an exat sequene
0→ J i(X)→ H2iD (X,Z(i))→ H
2i(X,Z)(i)→ 0
as well as a yle map
clX : CH i(X)→ H2iD (X,Z(i)).
Those are ompatible with the usual yle map to H2i(X,Z)(i).
The ohomology group H2i(X,Z)(i) is, up to a Tate twist the usual sin-
gular ohomology of the omplex manifoldX with its anonial Hodge stru-
ture, and J i(X) is Griths' i-th intermediate Jaobian, whih is dened the
following way.
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Integration of dierential forms gives a map from the singular homology
group H2n−2i+1(X,Z) to F
n−i+1H2n−2i+1(X,C)∗, n being the dimension of
X and F the Hodge ltration. The quotient group
F n−i+1H2n−2i+1(X,C)∗/H2n−2i+1(X,Z)
is a omplex torus, anonially isomorphi to
J i(X) :=
H2i−1(X,C)
F iH2i−1(X,C)⊕H2i−1(X,Z)
.
There is a anonial isomorphism of abelian groups between J i(X) and the
extension group Ext
1
MHS(Z, H
2i−1(X,Z)(i)) in the ategory of mixed Hodge
strutures, as noted by Carlson in [7℄. One an also refer to [29℄, p.463.
Denition 8. The map
aj : CH i(X)hom → J
i(X)
indued from the previous exat sequene is alled the (transendental) Abel-
Jaobi map, or Griths' Abel-Jaobi map.
In the light of the isomorphism above, Beilinson has shown in [2℄ (see
also [7℄ for the ase of divisors on urves) the following way of omputing
the Abel-Jaobi map, whih is very similar to its étale ounterpart and has
been proved earlier. Let Z an algebrai yle of pure odimension i in X .
Let |Z| be the support of Z, and U be the omplement of |Z| in X . We have
an exat sequene of mixed Hodge strutures
0→ H2i−1(X,Z(i))→ H2i−1(U,Z(i))→ H0(|Z|,Z)→ 0
and the lass of Z gives a map Z→ H0(|Z|,Z). The pull-bak of the previous
exat sequene by this map is an exat sequene of mixed Hodge strutures
0→ H2i−1(X,Z(i))→ H → Z→ 0. (4)
This extension gives a lass α(Z) ∈ Ext1MHS(Z, H
2i−1(X,Z)(i)) = J i(X).
Proposition 9. We have α(Z) = aj(Z).
9
The vanishing of the Abel-Jaobi map has a simple interpretation in those
terms. Indeed, reall that if H is a mixed Hodge struture (of weight 0) with
weight ltration W• and Hodge ltration F
•
, a Hodge lass of weight k in
H is an element of W2kH ∩ F
kHC. In this terms, it is straightforward to see
that the extension (4) splits if and only if there exists a Hodge lass (whih
has to be of weight 0) in H mapping to 1 in Z.
Again, in ase of a at family of algebrai yles whih are homologous to
zero in the bers, we get an extension of variations of mixed Hodge strutures
orresponding point by point to (4). It satises Griths' transversality, see
[22℄, lemma 1.3. We also get the Jaobian bration J i(X/S), and a setion
νZ of it is obtained by applying the relative Abel-Jaobi map. The preeding
remark shows that the zero lous of νZ is a Hodge lous for the variation of
mixed Hodge strutures above.
Denition 10. The setion of J i(X/S) attahed to the yle Z is the normal
funtion νZ attahed to Z.
Normal funtions have been extensively studied, see [12℄, [22℄, et. See
also [29℄, h. 19. It is a fundamental fat that normal funtions are holomor-
phi. In partiular, their zero lous is analyti. In this paper, our results will
take into aount this analyti struture, our proofs being valid even without
onsidering the redued struture on the zero lous of a normal funtion.
It will be very important to us, though straightforward, that if we start
with a family over a nitely generated base eld, the extension of loal sys-
tems oming from the étale Abel-Jaobi map and from the transendental
one, after base hange to C, are ompatible in the obvious way, as Artin's
omparison theorem between étale and singular ohomology readily shows.
2.3 A rst omparison result : Hodge lasses of normal
funtions and their étale ounterpart
LetH be a variation of pure Hodge strutures of weight−1 over an irreduible
omplex variety S, and let ν be a normal funtion on S. The Hodge lass of
ν is dened the following way. Let HZ be the integral struture of H. We
have an exat sequene of sheaves on S
0→ HZ → H/F
0H → J (H)→ 0,
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J (H) being the sheaf of holomorphi setions of the Jaobian bration. This
gives a map H0(S, J(H)) → H1(S,HZ). The normal funtion ν is a holo-
morphi setion of J (H). Its image in H1(S,HZ) is alled its Hodge lass
and is denoted by [ν].
The homologial interpretation of intermediate Jaobians suggests an-
other way of dening Hodge lasses of normal funtions. Indeed, a normal
funtion ν denes an extension of variations of mixed Hodge strutures over
S
0→ H → H ′ → Z→ 0.
The long exat sequene of sheaf ohomology gives a map δ : H0(S,Z)→
H1(S,H). The following is straightforward, but we have been unable to nd
a referene.
Proposition 11. We have [ν] = δ(1).
Proof. Let us start by briey realling the expliit form given in [7℄ of the
isomorphism φ : Ext1MHS(Z, H) ≃ J(H) when S is a point. Choose an
isomorphism of abelian groups
H ′Z ≃ HZ ⊕ Z.
There exists an element α ∈ HC suh that α⊕ 1 ∈ F
0H ′C. The lass of α in
HC
HZ⊕F 0HC
= J(H) is well-dened and is the image of the extension
0→ H → H ′ → Z→ 0
by φ.
Now let us work over a general omplex quasi-projetive base S as before.
Let us hoose a overing of S(C) by open subsets Ui (for the usual topology)
suh that the exat sequene
0→ HZ → H
′
Z → Z→ 0
splits over Ui. Splittings orrespond to setions σi ∈ H
0(Ui, H
′
Z) mapping to
1 in Z. The ohomology lass δ(1) is represented by the oyle σi − σj .
For eah i and eah s ∈ Ui, let τi(s) be the image in Hs,C/F
0Hs,C of an
element αs ∈ Hs,C suh that σi(s) + αs ∈ F
0H ′s,C. The Hodge lass of the
normal funtion ν is represented by the oyle τi− τj ∈ HZ/(HZ∩F
0HZ) =
HZ. Sine τi − τj = σi − σj through this identiation, this onludes the
proof.
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Let S be a quasi-projetive variety over a nitely generated subeld k of
C, with an extension νe´t
0→ Hˆ → Hˆ ′ → Zˆ→ 0
of Zˆ-sheaves over S. We get an extension lass in H1(SC, Hˆ) by pulling bak
to SC, whih we will denote by [νe´t].
In ase we start with a smooth projetive family π : X → S, together with
a at family of algebrai yles Z →֒ X of algebrai yles of odimension
i whih are homologially equivalent to zero on the bers of π, we get an
extension of variations of mixed Hodge strutures over SC orresponding to
νZ , and an extension νe´t of Zˆ-sheaves over S indued by the étale Abel-Jaobi
map. The pull-bak of the latter to SC is the extension of loal systems
indued by ν. As a onsequene, using Artin's omparison theorem between
étale and singular ohomology in [1℄, exp. XI, we get the following easy
part of the omparison theorems between Abel-Jaobi maps.
Proposition 12. The lass [νe´t] is the image in H
1(SC, R
2i−1π∗Zˆ(i)) of the
Hodge lass [ν] ∈ H1(SC, R
2i−1π∗Z(i)). As a onsequene, [ν] = 0 if and only
if [νe´t] = 0.
Remark 1. There are of ourse dierent ways of omputing the value of
[νe´t]. Indeed, Leray spetral sequenes still exist in ontinuous étale ohomol-
ogy, working in the ategory of l-adi sheaves as dened by Ekedahl in [10℄.
The yle lass of Z indues from the Leray spetral sequene attahed to the
morphism π an element in H1e´t(S,R
2i−1π∗Zˆ(i)). This ohomology lass maps
to an element in H1e´t(SC, R
2i−1π∗Zˆ(i)) = H
1(SC, R
2i−1π∗Zˆ(i)). Now this lass
is equal to [ν]. This an either be proved diretly or using proposition 12
and applying the orresponding well-known result for Grith's Abel-Jaobi
map (see [29℄, lemma 20.20).
Remark 2. Proposition 12 implies the fat that for yles algebraially
equivalent to zero, the vanishing of Grith's Abel-Jaobi invariant is equiv-
alent to the vanishing of the étale Abel-Jaobi invariant. This result is well-
known, and Raskind gives a proof for zero-yles in [21℄, but it does not
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appear to have been stated expliitly in the literature. We an easily re-
due it to the ase of divisors on urves, whih is treated by Raskind, by the
following funtoriality argument.
We work over a nitely generated subeld k of C. Let Z →֒ X be a
at family of yles of odimension i over a smooth urve C suh that the
ber of Z over a geometri point 0 of C is zero. Changing base to C, the
normal funtion νZ : C → J
i(X) takes value in the algebrai part J ialg(X) of
the intermediate Jaobian of X . Doing Kummer theory on J ialg(X), we get
a lass in H1(S,H2i−1(X, Zˆ(i))) 1. This orresponds to an extension ν ′e´t of
sheaves on S whih we laim is νe´t, oming from the étale Abel-Jaobi map
applied to the Zs. The omparison result we need omes from this laim and
the Mordell-Weil theorem.
Now sine the extension ν ′e´t obviously splits at the point 0, we just have
to prove that [ν ′e´t] = [νe´t]. An easy funtoriality argument redues this to
the ase when X is the urve C itself, whih onludes. We ould also have
used funtoriality for νe´t itself, but this is a little more umbersome and is
not neessary.
3 Proof of the theorems
3.1 Zero loi for large monodromy groups
This setion is devoted to showing how assuming the family X → S has a
large monodromy an help study the vanishing lous of the Abel-Jaobi map
and dedue theorem 2 and theorem 3. This kind of argument is very muh
inspired by [30℄, where it appears in the pure ase as a riterion for Hodge
lasses to be absolute.
The main idea is the following : start with an extension 0 → H ′ →
H → Z → 0 of variations of mixed Hodge strutures on a quasi-projetive
variety S. If the monodromy representation on H ′ has no nontrivial invariant
part, then any global setion of H is in F 0H , the ltration F being the Hodge
ltration. This remark allows us to redue the question of the splitting of the
previous exat sequene to a geometri question, and allows for omparison
theorems.
1
Atually, we would need to hange the base eld to a eld of denition of J ialg(X) to
do so, whih we are allowed to do by proposition 6, but J ialg(X) is atually dened over k.
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In the setting of normal funtions, this is equivalent to the following,
whih has been observed a long time ago. Under this assumption, the normal
funtion with value in the i-th intermediate Jaobian is determined by its
Hodge lass, see [13℄. This has been used for instane by Manin in the
proof of Mordell's onjeture over funtion elds in [20℄. Our argument does
not proeed along these lines for onveniene, but part of it ould easily be
translated using Griths' results and the Leray spetral sequene.
Reall the notations of the introdution. We have a smooth projetive
family over a quasi-projetive base π : X → S, together with a at family
of algebrai yles Z → X of pure odimension i. Everything is dened over
a nitely generated eld k of harateristi zero. As far as our results are
onerned, and taking into aount proposition 6, standard spreading teh-
niques allow us to assume without loss of generality that k is a number eld.
Suppose that for any geometri point s of S, Zs is homologially equivalent
to zero in Xs. Fix an embedding of k in C. We get the normal funtion
νZ on S(C), whih is a holomorphi setion of the bundle of intermediate
Jaobians over S(C).
We have the following exat sequene of loal systems of Zˆ-sheaves on S,
anonially attahed to the family Z of algebrai yles
0→ R2i−1π∗Zˆ(i)→ He´t → Zˆ→ 0. (5)
Sine Zˆ is at over Z, the pull-bak to SC of this sequene of sheaves is the
tensor produt by Zˆ of the exat sequene
0→ R2i−1(πC)∗Z(i)→ H → Z→ 0 (6)
of loal systems used to ompute Griths' Abel-Jaobi map. Those loal
systems are underlying to variations of mixed Hodge strutures. Saying that
νZ vanishes on SC is equivalent to saying that S is equal to the lous of Hodge
lasses of H whih map to 1 in Z.
We will dedue our theorems from the following result.
Theorem 13. In the above setting, assume that the loally onstant sheaf
R2i−1(πC)∗C has no nonzero global setion over SC. Then the following are
equivalent :
(i) The normal funtion ν assoiated to ZC vanishes on SC.
14
(ii) For every losed point s of S with value in a nitely generated eld
K, the image of Zs by the étale Abel-Jaobi map vanishes in the group
H1(GK , H
2i−1(Xs, Ẑ(i))).
(iii) For any automorphism σ of C, the normal funtion νσ assoiated to
Zσ = ZC ×σ Spec(C) vanishes on S
σ
.
Proof of (i)⇒ (ii). Fix a point s of S with value in a nitely generated eld
L, and let s be a omplex point of S lying over s. Under our hypothesis, we
have an injetive map (He´t)
pie´t
1
(SC,s)
s → Zˆ. This is atually an isomorphism.
Indeed, Baire's theorem applied to the lous of Hodge lasses of H in SC
mapping to 1 in Z shows that in order for SC to be equal to this lous, whih
is a ountable union of analyti subvarieties, there has to be a nonzero global
setion of H whih is a Hodge lass in every ber of H  and maps to 1 in Z.
The image in Hs ⊗ Zˆ = (He´t)s of this setion lies in (He´t)
pie´t
1
(SC,s)
s and maps
to 1 in Zˆ.
Now let GL be the absolute Galois group of L. We have an exat sequene
1 → πe´t1 (SC, s) → π
e´t
1 (S × Spec(L), s) → GL → 1, together with a splitting
of this exat sequene. The full algebrai fundamental group ats on (Hl)s,
and the map (He´t)s → Zˆ is equivariant with respet to the trivial ation on
Zˆ. It follows that the group GL ats trivially on (He´t)
pie´t
1
(SC,s)
s
∼
−→ Zˆ. This
proves that the étale Abel-Jaobi invariant of Zs is zero.
Proof of (ii)⇒ (iii). It is enough to prove the ase where σ is the identity.
Fix a prime number l, and denote by Hl the l-adi part of He´t Let s be a
geometri point of S. Using the same notation as in the previous proof, the
algebrai fundamental group πe´t1 (S, s) ats on (He´t)s. For any point s
′
of S
with value in a eld L, the absolute Galois group GL of L maps into π
e´t
1 (S, s).
Aording to a lemma by Terasoma appearing in [28℄, theorem 2, there exists
suh an L-valued point s′, with L a number eld, suh that GL and π
e´t
1 (S, s)
have the same image in the linear group GL((Hl)s). Sine by assumption GL
xes an element mapping to 1 ∈ Zl, we get an element of (Hl)s, mapping to
1 ∈ Zl, whih is xed by the whole monodromy group. In other words, the
l-adi part of the exat sequene (5) splits over S. This being true for any
prime number l, the exat sequene (5) splits over S.
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This means that the loal system He´t on S has a nonzero global setion.
As a onsequene, H0(SC, H ⊗Q) 6= 0, and as before we get an isomorphism
H0(SC, H⊗Q) ≃ Q as loal systems, the map being indued by the morphism
H ⊗ Q → Q of variations of mixed Hodge strutures over SC. It is a result
of Steenbrink and Zuker in [27℄, th. 4.1
2
that the H0(SC, H ⊗ Q) arries
a anonial mixed Hodge struture whih makes it a onstant subvariation
of mixed Hodge strutures of H3. The isomorphism of H0(SC, H ⊗ Q) with
Q is a morphism of mixed Hodge strutures, whih proves H0(SC, H ⊗ Q)
onsists of Hodge lasses.
This shows that the exat sequene (6) of variations of mixed Hodge
strutures splits rationally. We want to prove that it splits over Z. We just
proved that a splitting of the subjaent extension of loal systems over SC
gives a splitting of (6), so we just have to prove that the exat sequene of
loal systems splits.
Let α ∈ H0(SC, H ⊗ Q) be the lass mapping to 1 ∈ Q. For any prime
number l, the image of α ∈ H0(SC, H ⊗ Q) is the only lass mapping to
1 ∈ Ql, whih shows that this image belongs to H
0(SC, H ⊗ Zl), sine the
exat sequene (5) is split over SC. The only way for this to be true is that
α belongs to H0(SC, H), whih preisely means that the exat sequene we
are onsidering splits.
Proof of (iii)⇒ (i). This is obvious.
Let us now use the notations of the introdution. The equivalene (i)⇔
(ii) we just proved readily implies theorem 2 by restrition to the ompo-
nent T of the zero lous of νZ , whih is assumed to be algebrai, under the
assumption that the loal system R2i−1(πC)∗C has no nonzero global setion.
2
This theorem is a generalization of Deligne's global invariant yles theorem, whih is
a fundamental tool of [30℄.
3
The result of Steenbrink and Zuker is stated for variations of mixed Hodge stru-
tures of geometri origin  whih is our ase  over a one-dimensional base. The fat that
H0(SC, H ⊗Q) arries a anonial Hodge struture for S of any dimension is straightfor-
ward by restriting to a urve whih is an intersetion of hyperplane setions and using
Lefshetz' hyperplane theorem.
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Proof of theorem 3. Let k be an algebrai losure of k, and let T ′ be the
Zariski-losure of T (C) in the k-sheme S. The previous theorem shows
that the orbit of T (C) in S under the ation of the Galois group Aut(C/k)
is inluded in the zero lous of νZ . Sine this orbit is dense in T
′(C) for
the usual topology, it follows that νZ vanishes on T
′(C). By assumption,
T is an irreduible omponent of the zero lous of νZ . It follows that T is
an irreduible omponent of the algebrai variety T ′ dened over k, whih
proves that T is dened over a nite extension of k.
This shows that for any automorphism σ of C xing k, the set σ(T (C))
is inluded in the zero lous of νZ . Now onsider the subsheme T
σ
of S,
whih has σ(T (C)) as set of omplex points. We just showed that its redued
subsheme is inluded in the zero lous of νZ as an analyti subvariety, and
it is irreduible. Let V be the irreduible omponent of the zero lous of
νZ ontaining σ(T (C)). We want to show that V = T
σ
as analyti vari-
eties. Let n be a nonnegative integer. We an onsider the artinian loal
rings OV,σ(t)/m
n
σ(t) and OTσ ,σ(t)/m
n
σ(t), m
n
σ(t) denoting indierently the maxi-
mal ideals of both loal rings.
The rings OTσ ,σ(t)/m
n
σ(t) and OT,t/m
n
t are anonially isomorphi, beause
the shemes T and T σ are. On the other hand, we an expliitly desribe
OT,t/m
n
t and OV,σ(t)/m
n
σ(t), as loi of Hodge lasses, using the Gauss-Manin
onnetion on H and Griths transversality. This is explained in [29℄ in the
ase of pure Hodge strutures, and expliitly stated for n = 1, see lemma
17.16. Our ase followsmutatis mutandis. As a onsequene, sine the Gauss-
Manin onnetion is algebrai, see [18℄, we have a anonial isomorphism
between OT,t/m
n
t and OV,σ(t)/m
n
σ(t).
This disussion shows that OTσ ,σ(t)/m
n
σ(t) and OV,σ(t)/m
n
σ(t) are isomorphi
as subrings of OS,σ(t)/m
n
σ(t). Sine this holds for all n, and sine the redued
subsheme of T σ is inluded in V , we get an equality V = T σ, whih shows
that T σ is an irreduible omponent of the zero lous of νZ .
3.2 Appliation
As in [30℄, there are many situations where one an easily hek that the
onditions of theorems 2 and 3. Let us give one example.
Theorem 14. Let π : X → S be a smooth projetive family of omplex
Calabi-Yau threefolds over a quasiprojetive base suh that the indued map
from S to the orresponding moduli spae is nite, and let Z →֒ X be a at
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family of urves in X whih are homologous to 0 in the bers of π. Assume
everything is dened over a nitely generated eld k. Let ν be the assoiated
normal funtion.
(i) Let T be an irreduible omponent of the zero lous of ν whih is alge-
brai. Assume that T is of positive dimension and that for a general
omplex point t of T , the intermediate jaobian J2(Xt) has no abelian
fator. Then T is dened over a nite extension of k, all its onjugate
are irreduible omponents of the zero lous of ν, and for every losed
point t of T with value in a nitely generated eld, the étale Abel-Jaobi
invariant of Zt is zero.
(ii) Let T be a subvariety of S of positive dimension dened over a nitely
generated eld. Assume that for a general omplex point t of T , the
intermediate jaobian J2(Xt) has no abelian fator and that for any
point t of T with value in a nitely generated eld, the étale Abel-Jaobi
invariant of Zt is zero. Then ν vanishes on T .
Proof. In order to apply our preeding results, we only have to hek that
in both situations above, the loal system R3π∗Z has no global setion over
T (C). First of all, sine the restrition of π to T is a nontrivial family of
Calabi-Yau threefolds, the Hodge struture on H0(T (C), R3π∗Z) is of type
{(2, 1), (1, 2)}. Indeed, the innitesimal Torelli theorem for Calabi-Yau vari-
eties, see [29℄, th. 10.27, shows that the xed part of R3π∗Z annot have a
part of type (3, 0). Now this proves that the invariant part of R3π∗Z orre-
sponds to a onstant abelian subvariety of the Jaobian bration J2(XT/T ),
whih has to be zero by assumption. This shows that the loal system R3π∗Z
has no global setion.
3.3 Proof of theorem 4
Let us now prove theorem 4. The rst part uses Terasoma's lemma and
lassial results about normal funtions and their innitesimal behavior.
Proof of (i). In the situation of the theorem, we an use Terasoma's lemma
as before to see that the exat sequene νe´t of Zˆ-sheaves on S assoiated to
Z →֒ X is split, whih implies that [νe´t] is zero, and shows that the Hodge
lass [νZ ] of νZ is zero by proposition 12.
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Aording to fundamental results of Griths, see [13℄, a normal funtion
with zero Hodge lass is onstant in the xed part of the intermediate Jao-
bian. In our ase, sine νZ vanishes at some omplex point of S, this shows
that νZ = 0.
The proof of the next theorem, whih is the remaining part of theorem
4, is quite dierent in spirit from what we just did, as it inludes deeper
number-theoreti arguments. In light of the last proof, one should onsider
it as an analogue of the important fat that the Hodge lass of a normal
funtion determines it up to a onstant in the invariant part of the interme-
diate Jaobian. We feel that it might be possible to use suh ideas to prove
stronger results on the étale Abel-Jaobi map.
Theorem 15. Let T be an irreduible omponent of the zero lous of νZ .
Assume that T is algebrai and let k be a nitely generated eld over whih
T is dened. Assume that there exists a point t of T with value in a nitely
generated eld suh that aje´t(Zt) is zero. Then for every point of T with
value in a nitely generated eld, aje´t(Zt) is zero.
Proof. Any speialization of t satises the assumption of the theorem, so
we an assume that t is a losed point. Up to a base hange and using
proposition 6, we an assume that T has value in the base eld k. We need
to prove that the exat sequene (5) splits over T . It sues to prove that
its l-adi part splits over T for any prime number l. Fix a prime number l
and denote one again by Hl the l-adi part of He´t. Let t be a geometri
point of T lying over t. We have an exat sequene
1→ πe´t1 (TC, t)→ π
e´t
1 (T, t)→ Gk → 1.
The last arrow admits a setion σ oming from the rational point t. Now by
assumption, the following sequene is exat.
0→ (H2i−1(Xt,Zl(i)))
pie´t
1
(TC,t) → (Hl,t)
pie´t
1
(TC,t) → Zl → 0. (7)
Indeed, the vanishing of νZ implies that there exists a global setion of H
over TC mapping to 1 in Z, whih implies the surjetivity of the last arrow.
The Galois group Gk ats on (Hl,t)
pie´t
1
(TC,t)
, either through σ or through
the previous exat sequene  those are the same ations. For every nite
plae p of k, x a Frobenius element Fp in a deomposition group of p. It
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follows from [25℄, prop. 6, 8 and 12, and [26℄, th. 1, that the extension of
Gk-modules (7) is split if and only if for almost every nite plae p of k, there
exists an element h of (Hl,t)
pie´t
1
(TC,t)
, mapping to 1 in Zl, suh that Fp(h) = h.
In the rst paper, using ebotarev's theorem, Serre indeed proves that if
(7) splits at almost every nite plae, then it omes from an extension of G-
modules, where G is the image of Gk in GL((H
2i−1(Xt,Zl(i)))
pie´t
1
(TC,t)). The
seond paper proves the splitting using the Lie algebra of G.
Assume p does not divide l and that Xt has good redution at p. Sine
the exat sequene of Gk-modules
0→ H2i−1(Xt,Zl(i))→ Hl,t → Zl → 0
is split by assumption, there exists h′ ∈ Hl,t, mapping to 1 in Zl, suh
that Fp(h
′) = h′. On the other hand, sine Fp ats trivially on Zl and
has weight −1 on (H2i−1(Xt,Zl(i)))
pie´t
1
(TC,t)
by the Weil onjetures, there
exists h ∈ (Hl,t)
pie´t
1
(TC,t) ⊗ Q, mapping to 1 in Zl, suh that Fp(h) = h.
Sine H2i−1(Xt,Zl(i))
Fp = 0, we have h′ = h, whih shows that h lies in
(Hl,t)
pie´t
1
(TC,t)
. This proves that the exat sequene (7) splits, whih implies
that the l-adi part of the exat sequene (5) is split over T for any prime
number l, and onludes the proof.
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